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The aim of this paper is to study controllability of the linear infinite-dimensional 
system i = Ax + Bu, where A is the infinitesimal generator of a Co-semigroup of 
linear bounded operators in the Banach space X; the control u is restricted to lie 
in a subset s2 of the Banach space U; Q need not assumed to be convex or to 
contain 0 in its interior. Some necessary and sufficient conditions for approximate 
controllability to the whole space X are given. The proof of the main result is based 
on the spectral decomposition method developed by Fattorim and the generalized 
open mapping theorem due to Robinson. The obtained results are used to consider 
some controllability problems, with constrained controls, for the class of linear 
systems described by partial differential equations of parabolic type with bounded 
domain, and for the class of retarded functional differential equations in the state 
space Mp. Particularly, in the case of the heat equation with positive scalar controls 
and in the case of the retarded equation with finite discrete delays, the general result 
leads to easily verifiable tests for approximate controllability, expressed in terms of 
the system matrices. I?? 1990 Academx Press, Inc 
1. INTRODUCTION 
Problems of controllability for linear control systems modeled by 
differential equations of the form i = Ax + Bu, x E X, u E U, in an infinite- 
dimensional Banach space X, have attracted a good deal of interest over 
the past 20 years. Such abstract models are known to be a unified 
framework for studying a variety of different dynamical systems governed 
by integrodifferential equations, partial differential equations (PDE) of 
both parabolic and hyperbolic type, as well as functional differential 
equations (FDE). Most of the literature in this direction so far has been 
concerned, however, with unconstrained controllability, and little is known 
for the case when the control is restricted to take on values in a preassigned 
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subset D of the control space U. For concrete classes of systems, some 
results on constrained controllability in function spaces have been obtained 
in Fattorini [ll, 123, Narukawa [21] (for the heat equation and the wave 
equation with distributed controls, whose values range in the unit ball of 
the control space), and Skljar [30] (for the retarded system in the state 
space C with positive controls). In the abstract setting, constrained con- 
trollability of infinite-dimensional systems has been treated, to the best of 
our knowledge, first in Korobov and Son [15] for systems with bounded 
operators A, B, and Son [31], for the case when A is the infinitesimal 
generator of a C,-semigroup of linear bounded operators. Note that in 
these works, the control set 0 is assumed to be an arbitrary convex set 
which contains the origin, but not necessarily in its interior. We were able 
to obtain necessary and sufficient conditions for local controllability, that 
can be considered as an extension to the infinite-dimensional case of 
classical results, proved in Brammer [S] and Korobov et al. [14] for 
finite-dimensional systems. The main result asserts, roughly speaking, that 
constrained controllability is equivalent to unconstrained controllability 
plus an additional condition due to the constraint; the last, moreover, is 
expressed in terms of eigenvectors of the adjoint operator A*. Another 
approach to this problem was recently used in Ahmed [ 1 ] and Peichl and 
Schappacher [22]: they generalized the ideas of Schmitendorf and Barmish 
[29] to infinite-dimensional systems and obtained, among other results, 
the characterization of constrained null-controllability when the control set 
is convex and compact. This characterization, however, involves an intinite- 
dimensional optimization problem and cannot be easily verified. 
In this paper we shall apply the approach developed in [31] to derive 
the criteria of approximate controllability with positive controls for a class 
of systems satisfying a special spectral assumption. The main idea is to use 
the method of spectral decomposition of the state space due to Fattorini 
[lo] to reduce the controllability problem for the original inlinite-dimen- 
sional system to the one for a sequence of finite-dimensional systems, for 
which results of [31] are applicable. It is important to note that the class 
of systems under consideration includes, among others, the case of PDE of 
parabolic type with bounded domain and the case of general retarded 
linear FDE. Moreover, in applying to these classes of systems, our abstract 
results lead to easily checkable tests of controllability expressed entirely in 
terms of the systems data. 
2. NOTATION AND PRELIMINARIES 
We shall consider the linear control system 
i=Ax+Bu, t 3 0. (1) 
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Here A is (a closed linear operator with a dense domain D(A)cX) the 
infinitesimal generator of a strongly continuous semigroup (of class C,) of 
linear bounded operators S(t), t > 0, in the real Banach space X, B is a 
linear bounded operator from the real Banach space U to X. Throughout 
the paper, we shall suppose that X and U are separable spaces and X is 
reflexive. Unless otherwise stated, X is always assumed to be infinite- 
dimensional. 
As a matter of notation, I(. (I will denote the norm of whatever Banach 
space under consideration. X* denotes the dual space of X and (f, x) is the 
value of the functional f~ X* at the point x E X. If Mc X, we define the 
polar cone by M” = {YE X*: (,fi x) ~0, VXE M}. The convex hull, the 
interior, and the closure of M are denoted respectively by co M, int M, and 
li;r. The linear space spanned by M is denoted by span M. Given two 
Banach spaces X and Y, L(X, Y) stands for the Banach space of linear 
bounded operators from X to Y. The identity operator in L(X, X) is 
denoted by I. The null space, the range, and the spectrum of an operator 
A are denoted by Ker A, Im A, and o(A), respectively. The adjoint 
operator of A is denoted by A *. Given T>O, L,(O, T, U) is the Banach 
space of all strongly continuous functions x(t): [0, TJ -+ U such that Ilx(t)ll 
is essentially bounded on [0, T], and L,(O, T, V), 1 <p < co, is the Banach 
space of p-integrable functions on [0, T]. The integral is throughout under- 
stood in the sense of Bochner. 
For each u( . ) E L,(O, T, U) (1 bp d co) and x,, E X the mild solution of 
(1) on [0, T] is given by 
x(t)=S(r)x,,+/‘S(r-s) Bu(s)ds. 
0 
Let Sz be a set in U such that 0 E Q. We define the set of admissible controls 
on CO, Tl by 
fir= (u(-)EL,(O, T, U): u(t)~52 a.e. on [0, T]} (2) 
and the corresponding reachable set in time T (from the origin) by 
. 
The set R = U{R,: T>,O} is called then the reachable set in finite time. 
We say that the system (1) with constrained controls (2) or, briefly, the 
system (A, B, Sz), is controllable if R = X, and approximately controllable if 
a = X. If R (resp., 8) is a neighbourhood of the origin then we shall 
say that the system (A, B, Q) is locally controllable (resp., locally 
approximately controllable). Obviously, the notion of approximate con- 
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trollability is invariant under change of p and we can restrict controls to 
L,-functions (i.e., take p = co in (2)). Moreover, in this case, 6, has 
nonempty interior in L,(O, T, U) iff Q has nonempty interior in U. 
We pose the problem to find the characterizations of controllability and 
approximate controllability, expressed in terms of the operators A, B, and 
the restraint set 0. It is worth noticing that here we do not assume that Sz 
is convex or bounded. Under such general assumptions on controls, this 
problem was solved, in the finite-dimensional case, in [S, 141. The results 
of these works were extended to the abstract infinite-dimensional system 
(l)-(2) in [31]. For the sake of convenience, we formulate here the main 
result of that work. 
THEOREM 2.1. Let 52 be convex and have nonempty interior in 
U: int 52 # 0. Then the system (A, B, 0) is locally controllable if and only if 
(i) the system with unconstrained controls (A, B, U) is controllable and (ii) 
Ker(lZ* -A*) n (BSZ)” = {O}, V;lER. (3) 
When the convexity of a is not assumed, we have instead the following 
THEOREM 2.2. Let int co Q # 0. Then the system (A, B, 0) is locally 
approximately controllable if the conditions (i) and (ii) of the above theorem 
hold. 
Since it may be difficult for certain readers to find Ref. [31], we present 
here a sketchy proof of the above assertion. Suppose the conditions (i) and 
(ii) hold. From (i) it follows, by the Baire category theorem, that the image 
of the operator K,: L,(O, T, U) +X, defined by 
K,u(-)=jTS(T-t) Bu(t)dt 
0 
is the whole space X, for some T > 0. This implies that the reachable set R’ 
of the system (A, B, COQ) has nonempty interior in X Since R = R’, by the 
bang-bang control principle [31, Lemma 21 (see also [15, Lemma 2]), we 
obtain that Z? is a convex set with nonempty interior in X. Denote by C 
the convex cone generated by i?. It is clear that C is invariant under the 
semigroup S(t): S(t) Cc C, Vt 2 0. Assume to the contrary that the 
system (A, B, Q) is not locally approximately controllable. Then C # X and 
hence, by the Krein-Rutman theorem [ 171, there exists a nonzero f e C” 
such that S(t)* f = A(t)f, Vt 2 0, where I(t)>O. This readily implies 
f E Ker(JZ* -A*) n (BSZ)“, which contradicts (3) and proves the assertion. 
Note additionally that, for the last implication in the above proof, we 
need to assume in [31] that the semigroup S(t) is differentiable. A techni- 
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cal argumentation in [28] shows, however, that this assumption can be 
removed. 
Controllability of the system with unconstrained controls has been 
widely studied in the literature and different criteria for this property are 
well known. For example, if A E L(X, X) then the condition (i) is equivalent 
to there exists an integer m > 0, such that 
span{ BiJ, ABU, . . . . A”BU} = X 
(see [ 161). In the general case, if X and U are reflexive and 1 <p < cc then 
(A, B, V) is controllable iff 
3 z=- 0: lIB* s*(t)fll L,(o, T, u) a Y Ml, vj” E x*, 
where p - ’ + q ~ ’ = 1 (see, e.g., [7]). Remark also that if the control set Q 
is a cone then the word “locally” can be removed in the above two 
theorems. 
The condition (i) of exact controllability of (A, B, U) in the above two 
theorems is known to be quite a strong requirement. This does not hold, 
for example, if the corresponding semigroup S(t) is compact for all t > 0 
(that includes, in particular, the heat equation on a bounded domain), or 
if the operator B is compact (e.g., in the case of the retarded FDE in the 
state spaces X= Mp 4 Iw” x L,( -h, 0, W), see [34]). For such classes of 
systems, it is appropriate to be concerned with the weaker concept of 
approximate controllability which, however, proves to be satisfactory for 
many important control problems. Unconstrained approximate con- 
trollability has been extensively investigated for abstract models (l), see, 
e.g., [lo, 33, 351, as well as for different concrete classes of PDE [24, 251 
and FDE [3, 19, 20, 261. Motivated by the purpose of applying general 
results to the study of constrained controllability in the mentioned 
situation, we are interested in the question whether one can replace the 
requirement (i) in Theorem 2.2 by the following weaker one 
(i*) the system with unconstrained controls (A, B, U) is 
approximate controllable. 
Unfortunately, this is not true, in general. To see this, let X= Z2, U= [w’, 
Sz = {ZL u 3 0}, Bu = bu, where b = (1, l/2, l/3, . ..) E I,, and let A be the left 
shift operator in X. Then, since A* has no eigenvalues, the condition (3) 
is satisfied. Moreover, since span{b, Ab, A2b, . ..> = X, we conclude that the 
system with unconstrained controls (A, B, U) is approximate controllable. 
However, the system (A, B, Q) is not approximate controllable because its 
reachable set R lies clearly in the cone of positive vectors of I,. 
In this paper we shall show that for a large class of systems of practical 
interest, (that includes the case where A is an elliptic partial differential 
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operator in a bounded domain of Euclidean space and the case where A is 
induced by retarded FDE), the conditions (i*) and (ii) are in fact the 
necessary and sufficient conditions for constrained controllability, provided 
that the control set 52 is a cone. Our argumentation is based essentially on 
the following consequence of the Hahn-Banach theorem [9]. 
PROPOSITION 2.3. Let X be a Banach space and M a closed convex cone 
in X with vertex at the origin. Then M= X if and on1.v if A4” = (0). 
In the remainder of this section we gather some auxiliary results which 
will be used in the next section in proving the main theorem. Let A be as 
above. For a E [w, we denote 
~~=a(A)n {zEC: Rez>a). 
Suppose that ca is a closed and bounded set. Then, from the spectral 
analysis for linear operators (see, e.g., [9, lo]), the state space X can be 
decomposed into the direct sum 
X=X,@ Y, (4) 
of two closed subspaces X, and Y,, which are invariant under S(t), t 3 0. 
The projection on X, along Y, is defined by 
P,=P(B,;A)+-.[ (AI-A)-‘d& 
I- 
where f is a closed rectifiable curve in the open complex halfplane 
(zg@: Re ~>a}, enclosing crI inside. It is well known that X, = P,Xc 
D(A”) and A”X,c X,, m= 1, 2, . . . . The restriction A, of A to X, is a 
bounded operator; moreover, IT = CJ, and 
S(t) x = eAn’ x, t30, VXEX,. 
Since o, c a(A*)= Q(A), all of the above facts apply also for A*. It is 
important to note that the associated projection P(a,; A*) coincides with 
PX, the adjoint of P,. The dual space X,* is known to be algebraically 
isomorphic to P,* X* in the sense that each g E X,* corresponds to a unique 
element Pa*f, fe X*, such that 
c&T, x) = (P,*f, xl, VXEX,. (5) 
Since 6, is closed and bounded, one can choose 6 > 0 sufficiently small so 
that in the strip {z E C: a + 6 < Re z < a + 26) there exists no point of a(A). 
Then it is easy to prove that the following estimates hold 
Ile-A~‘xll <e-(a+26)tI(xJI, t>o, VXEX,, (6) 
Ilf3t).dl Ge@+a)’ Ilvll, t30, vye Y,. (7) 
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We need the following property which is a consequence of a generalized 
open mapping theorem due to Robinson [23]. This result seems to be 
known, but for the sake of completeness, we give it with proof. 
PROPOSITION 2.4. Let X and Y be Banach spaces and M be a closed 
convex cone with vertex at the origin in X. Let G be a linear bounded 
operator from X to Y such that G(M) = Y. Then there exists y > 0 such that 
VIE Y, 3x,,~M: Gx,=y and IIxy II 6 Y IIYII. 
ProojI Let S, be the unit balls in X. Since G(M) = Y and GO = 0, it 
follows from Robinson’s theorem that G(Mn S,) is a neighbourhood of 
the origin in Y. Consequently, there exists y > 0 such that, for any 
O#~E Y, y/jlyll ~yG(i%In S,), or, equivalently, y/llyll =y Gx for some 
XE Mn S,. Setting x, = yIJy(lx, we observe that xpe M and Gx,=y. 
Moreover, we find 1(x, II < yI(yIJ jlx(I < y(JylI, as desired. 
We prove now an assertion which plays a crucial role in our main 
theorem. 
PROPOSITION 2.5. Let s2 be a cone with vertex at the origin in U and R 
be the reachable set of the system (A, B, Q). Suppose that for some a E Ill the 
spectral set am is closed and bounded. If P,(R) = X, then X, c i?. 
Proof. Choose 6 > 0 so that the estimates (6) and (7) hold. Given any 
x0 E X, and any E > 0, we define, for a fixed t > 0, x0(t) = eeAaf x0 E X,. By 
Proposition 2.4, there exists y > 0 and x(t) E i? such that x,,(t) = P, x(t) and 
[lx(t)11 <yllx,,(t)ll. Note that y does not depend on x0 and t. Putting 
y(t) = (I- P,) x(t) we obtain Ily(t)ll <Kyllxo(t)ll with K= III- P,I(. Since 
x(t)ER, we can find x,(t)ER such that 11x,(t)-x(t)11 <&/2llS(t)ll. Let us 
denote z(t) = S(t) x,(t). Observe first that z(t) E R, since R is invariant 
under S(t). Next, we find that 
Il4t) - x0 II G IMt) - x0- S(t) Y(t)ll + IIS v(t)ll 
= [IS(t) x,(t) - eA=’ x,(t) - S(t) Y(t)11 + IIS Y(t)11 
= llS(tNxe(t) - x(t))ll + IIS Y(t)11 
G IlS(t)ll IlxAt) -4t)ll + IIS Y(t)ll 
<c/2+e(OLf6)’ Ily(t)ll 
GE/~ + Ky e(“+‘)’ e-(a+25)r (lx0 11 
=&/2+Kyep6’ llxo/I. 
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Recall that we have established the above estimate for an arbitrarily fixed 
t >O. Therefore, by taking t large enough we can ensure that 
I/z(t) - x0 11 < E. The proof is complete. 
3. CHARACTERIZATIONS OF APPROXIMATE CONTROLLABILITY 
First, we have the following simple characterization of approximate 
controllability. 
FRO~~SITION 3.1. Let Q be a cone in U with vertex at the origin. The 
system (A, B, Q) is approximately controllable if and oniy if the following 
implication holds 
fE(,S(t) BQ)“, Vt>O*f=O. (8) 
Proof Let R = X and (f, S(t) Bu) 6 0, VU E Q2. Then (f, x) < 0, Vx E R, 
and therefore f = 0. Suppose the contrary that (8) holds but B# X. We 
note that i? is a cone. Next, by [31, Lemma l] (see also [15, Lemma I]), 
i?, is convex, and since R,, c R, for T, < T2, i? is also convex. By 
Proposition 2.3, there exists a nonzero f E X* such that (A x) < 0, Vx E R, 
which implies readily that f E (S(t) BQ)“, Vt 2 0, a contradiction. 
We assume now that the operator A satisfies the following additional 
assumption. 
Assumption Al. For every a E [w, the spectral set aor = a(A) n 
{z E @: Re z > a> consists of a finite number of eigenvalues of A with finite 
multiplicities. 
If the operator A satisfies Assumption Al then, for each a E Iw, the state 
decomposition described in the previous section applies. In this case, the 
subspace X, is finite-dimensional: dim X, < co. Remark also that X, _c X, 
whenever a -C /I. Moreover, it is easy to see that X, is the direct sum of the 
generalized eigenspaces Ker(ll- A)k”, 3, E B%, where kA denotes the multi- 
plicity of 1. We shall say that the operator A is spectrally complete if 
The assertion below shows that for classes of infinite-dimensional 
systems (A, B, Q) with the operator A satisfying Al, one cannot have 
approximate controllability with bounded controls. 
PROPOSITION 3.2. Zf the state space X is infinite-dimensional and the 
operator A satisfies Assumption Al, then the system (A, B, 52) with a 
bounded control set Q is not approximately controllable. 
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Proof. Take a <O and consider the space decomposition (4). Choose 
6 > 0 small enough so that a + 6 < 0 and the estimations (6), (7) hold. Since 




Thus, for any y, E (Z-P,) R, we find, in view of boundedness of controls 
and (7), that 
IIY,II G III-P,II IPII II4s)ll Jam e(a+6)tdt<M, 
where the constant M does not depend on ya. Consequently, all the points 
xEXwith (/(I-P,)xl\>MdonotbelongtoZ?. 
We are now in a position to prove our main result. 
THEOREM 3.3. Let X and U be separable Banach spaces and X reflexive. 
Let A be a generator of a Co-semigroup of linear bounded operators 
S(t), t > 0. Let 52 be a cone with vertex at the origin in U such that 
int co Q # 0. Zf the system (A, B, Q) is approximately controllable then (i*) 
the system with unconstrained controls (A, B, U) is approximately control- 
lable, and (ii) 
Ker(lZ* -A*) n (BQ)” = {0}, VAER. 
Conversely, suppose that the operator A satisfies Assumption Al and is spec- 
trally complete. Zf the conditions (i*) and (ii) hold then the system (A, B, Q) 
is approximately controllable. 
Proof. Necessity. Let (A, B, 9) be approximately controllable. Then 
clearly (i*) holds. Assume that A*f = Af and (f, Bu) < 0, Vu E Q, for some 
;1 E [w. Since X is reflexive, A* is a generator of Co-semigroup S(t)*, t 2 0, 
and S(t)*f=e”‘f We have (f,S(t)Bu)=(S(t)*f, Bu)=e”‘(f, Bu)<O, 
Vu E 52, Vt 3 0. Hence, by Proposition 3.1, f = 0. 
Sufficiency. Take a sequence a,, E 02 such that a,, + -co as n -+ co and 
a1 > a2 > ... . By Assumption Al, for each n we have the space decomposi- 
tion X = X, 0 Y,, where X, = P, X, P, being the projector associated with 
the spectral set on= o(A)n {zE@: Re z> cl,} and dim X, < co. Let 
B, = P,B and A,, be the restriction of A to X,. Denote by R, the reachable 
set of the finite-dimensional system (A,, B,, Q): 
x=AA,x+B,u, XEX,, UEQ, tao. 
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Then, since P, commutes with S(t), we have R, = P, R. Now, suppose (i* ) 
and (ii) hold. From (i*) it follows that the system with unconstrained con- 
trols (A,l, B,, U) is approximately controllable and hence controllable, in 
view of finite dimensionality of X,,. In other words, the condition (i) of the 
Theorem 2.2 is fulfilled for (A,, B,, Q). We are going to show that (ii) also 
holds when applied to this system. Assume to the contrary that there exist 
;1 E R and a nonzero g E X,* such that 
A,*g = Ag and (g, B,u)<O, VUEQ. 
Then, by (5), there exists f E X* such that 
k, x) = (Pn*s, x)9 VXEX, 
Since PX is also a projector, from the above we obtain that 
(P,*f, Bu) = (P,*‘f, Bu) = (P,*f; P, Bu) = (g, B,u) 6 0, VUErz. 
On the other hand, noting that P,* X* c D(A*) and P,X c D(A), we can 
write, for each x E X, 
(A*P,*f,x)=(A*P,*P,*f,x)=(P,*A*P,*J;x) 
= (A*P,*f, P,x) = (P,*f, AP,x) 
= (g, A,P,x) = (‘cg, Pd) = a, P,x) 
= l(P,*f, P,x) = L(P,*J x). 
This implies A*P,*f= ,lP,*J Thus, we have found a nonzero 
Pzf~ Ker(llZ* - A*) A (BG?)’ that is impossible because, by assumptions, 
(ii) is satisfied for the system (A, B, $2). Therefore, we can apply Theorem 
2.2 to conclude that the finite-dimensional system (A,, B,, 0) is 
approximately controllable in X, (recall that Q is a cone). This means 
i?, = X,,, or, equivalently, P, R = X,. It follows that g = X,, and, since R 
is convex and X, is finite dimensional, we obtain P,(R) = X,. Therefore, by 
Proposition 2.5, X, c R. The assertion is now immediate from the assump- 
tion that the operator A is spectrally complete. The theorem is proved. 
4. APPLICATIONS 
This section deals with applications of the above general result for two 
classes of systems of physical interest. First we shall make use of Theorem 
3.3 to derive explicitly verifiable tests for constrained controllability in finite 
time for the class of systems (1) where A is a self-adjoint operator with 
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compact resolvent. The obtained result covers, among others, the case of 
heat equations in a bounded domain with distributed positive controls. As 
another application, constrained controllability of a general retarded FDE 
is considered. Some criteria of M-approximate controllability, expressed 
solely in terms of the system’s matrices, are proved by using the above 
results and properties of the so-called structural operators, associated with 
the system. 
Let X be a real separable Hilbert space. Assume that A is a self-adjoint 
operator with the spectrum o(A) consisting of isolated eigenvalues A, of 
finite multiplicities r, such that cc > 1, > I, > . . . , A, -+ ---co as i + co, and 
the corresponding eigenvectors (~,~,j = 1, 2, . . . . r,, k = 1,2, . ..} form a 
complete orthonormal system in X. Then the operator A can be defined 
explicitly by 
Ax= f 1, i tX> GQ) q,k> for x E D(A), (9) 
/= I  k=l 
with 
D(A)= XEX: f 111,\’ $ 1(x, ~Jk))2<~ 
J=l k=l 
Such an operator A generates a C,-semigroup S(t) which is given by 
/= I  k-1 
Clearly, the above operator A satisfies Assumption Al and is, in our 
terminology, spectral complete. We note that, in this case, for each a E R, 
X, is the finite-dimensional space spanned by the finite set of eigenvectors 
($?jk, k= 1,2, . ..) rJ, ;i,>a}. 
Let us consider the control system (A, B, Sz) of the form 
f=Ax+ f b,u,, tb0, ~EQEW”(=U), 
1=1 
(10) 
where A is defined by (9), b, (i= 1, 2, . . . . m) are given vectors in X. Thus, 
Bu = CT= 1 b,u,. Using Theorem 3.3, we prove the following controllability 
test for the system (10). 
THEOREM 4.1. Let D be a cone in l!P with vertex at the origin such that 
int co Q # @. The system (9~( 10) is approximately controllable if and only 
if 
B, co 52 = R’J, for all j = 1, 2, . . . . (11) 
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where B, is the matrix 
(b,, 40,l) (b2, v,,) .‘. (L cp,l) 
B,= . . . . . . . . . . . . . (12) 
(619 v,r,) (623 %r,) ... (b,, 40/r,) 
ProoJ: Necessity. If, instead, the convex cone B, co 52 is not the whole 
space RF for some j, then by Proposition 2.3, there is a nonzero r,-dimen- 
sional vector (a,, . . . . CI~,)’ E Iwq such that 
Define a nonzero vector 
Then it is readily verified that A *f= 1,f: Moreover, 
(f, Bu)=(f, f biUt)= f ( $ (b,, vlk)ak) usGo7 VuEa. 
r=I 1=1 k=l 
This means, by Theorem 3.3, that the system (A, B, 52) is not 
approximately controllable. 
Sufficiency. Assume that (11) holds. This immediately implies that 
B,R” = R’J, or, equivalently, rank B, = r, for j= 1, 2, . . . . By [35, Theorem 
3.61, the system with unconstrained controls (A, B, U) is approximately 
controllable. Thus, the condition (i*) of Theorem 3.3 is satisfied. We show 
now that the condition (ii) also holds. Assume the contrary that there is a 
nonzero f E X such that A *f = 1, f for some eigenvalue 1, and (5 Bu) < 0, 
%Ea. Then f=xi=, akq,k with ~~=r )akl*#O, and we have, for each 
UESZ, 
02 (J Bu)= f (f, b,) u,= i ak 5 (b,, p,k) u,. 
r=l k=l r=l 
Thus, we obtain a nonzero rj-dimensional vector a(f) = (aI, ,.., a,,)T E W, 
such that 
(a(f), BjU) G 0, VUEQ. 
This implies (a(f), B,u) < 0, VU E co 0, conflicting with (11). The theorem 
is proved. 
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COROLLARY 4.2. The system (9)-(10) with positive controls 
sZ= {UEUY: Ui>Oy i= 1,2, . . . . m} 
is approximately controllable if and only if the columns of the matrix B, form 
a positive basis in the space R’J for j= 1, 2, . . . . 
The above result implies, in particular, that the number of positive con- 
trols required for approximate controllability is at least that of the highest 
multiplicity of the eigenvalues plus one. As a special case, let us consider 
the heat equation on a rod of length one with non-insulated ends (the 
Dirichlet boundary condition) which is given by 
In the abstract setting, this equation can be described by the ordinary 
differential equation f = Ax in X = L,(O, 1) where Ax = Ax, the Laplacian, 
and 
D(A)= {xEX: A xEX,X(O)=X(1)=O}. 
Then, it is known that A is self-adjoint with compact resolvent; the eigen- 
values and the eigenvectors are AJ= -j2rr2, rJ= 1, ‘pjl =&sinjz& 
5 E [0, 11, for j = 1, 2, . . . . Hence, by Corollary 4.2, at least two functions 
b,(C), b2(<) E L,(O, 1) are needed to make the mild solution of the system 
f = Ax + b, u, + b2u2 approximately controllable by positive inputs u1 > 0, 
Z.Q 3 0, and this happens if and only if 
b,(5) sinjn5 d5 
>( 
j: b*(r) sinjrr5 dt ~0, 
> 
for j= 1, 2, . . . . 
Now consider the system 
1=Ax+u, UEOCU=X, 
with X=&(0, l), Ax=Ax, D(A)= (xEX: Ax~X,x(O)=x(1)=0}, and 
52 = {UE U: u(C;) 3 0, a.e. on (0, I)}. This system is not approximately 
controllable because the condition (ii) of Theorem 3.3 is not satisfied: for 
the eigenvector fi = -sin rc[, one has 
(f~,B~l=(f~,u)= -1]:u(r)sinrr<d<<O, VUEi-2. 
4091lSO/l-2 
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We turn now to the class of systems described by a linear autonomous 
retarded FDE of the general form 
i = L(z,) + B, u, zERn,z4EQCRm, (13) 
where z, = z(l + 0), 8 E [ -h, 01, h > 0, B, is n x m real matrix and L is a 
linear bounded operator from C( -h, 0, KY’) to R” given by 
where q( .) is a n x n real matrix function of bounded variation such that 
~(0) = 0 for 0 3 0, q(0) = q( -h) for 8 < - h, and q is left sided continuous 
on (-h, 0). Here the integral is in the Lebesgue-Stieltjes sense. Under the 
mentioned assumption, it is well-known (see, e.g., [4]) that the corre- 
sponding homogeneous retarded FDE 
i = L(z,) (14) 
induces the C,-semigroup S(t), t30, in the Hilbert space MP 4 R”x 
Lp( -h, 0, R”), 1 <p < co, whose infinitesimal generator is defined by 
Av = {WP’), CP’L for cp & {VP”, cp’} ED(A), 
D(A)={cpEX:~‘ELp(-h,O,[W”),cp’(0)=cpO). 
The mild solution of the system (13) in the state space XL MP, corre- 
sponding to the initial condition z(0) = cp”, z(8) = q’(8), for 0 E C-h, 0), 
and the admissible control u( .) ~d,b { u( .) E L,(O, T, KY): u(t) E Q a.e. on 
(0, T) } is given by 
~(c)=S(f)~+SiS(7.--)Bu(l)dt, O<t<T, 
0 
where cp = { rp”, cp’} E X and B is the linear bounded operator from R” to 
X, defined as Bu= (B,u,O}. 
We say that the control system (13) is approximate controllable if the 
reachable set in finite time 
R= u Srs(T-l)gu(t)dt,~(.)~BT, T30 
0 
is dense in X: R= X. It is well-known from the theory of FDE (see, e.g., 
[13]) that the operator A defined as above satisfies our Assumption Al. 
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Moreover, the spectrum a(A) is given by the self-conjugate set of zeros of 
the characteristic equation det A(L) = 0, where 
d(l)=IZ-juhdq(0)e? Z is the identity matrix. 
For each eigenvalue A of A, the corresponding eigenspace is given by 
Ker(lZ-A)={cp={cp”,cp’}~X:A(~)cpo=O 
and 
‘PI= ($9 p, f.le C-h, 01) 
and the generalized eigenspace is M1 = Ker(lZ- A)k” where kn is the multi- 
plicity of 2. The above facts apply also for the generator A +, induced by 
the transpose equation 
s 
0 
i= &WT z(t + @, t>/o; 
-h 
moreover o(A + ) = o(A) = o(A*). The homogeneous system (14) is said to 
.- 
be complete in X if span {MA: 1 E a(A)} = X. In other words, (14) is com- 
plete in X iff the associated generator A is spectrally complete. Complete- 
ness of retarded FDE has been studied in [8, 181 where some verifiable 
conditions for this property are established. It is important to note that for 
each eigenvalue J., the corresponding eigenspaces of A + and A* are related 
through the so-called structural operator G by the formula (see [lS]) 
Ker(AZ- A+)“’ = G* Ker(lZ* -A*)“, m = 1, 2, . . . . (15) 
We recall here some properties of the operator G which will be needed in 
the sequel. By definition, the structural operator GE ,5(X, X) is defined as 
(Gq~)~(B)=X(h+B)cp~+j~ x(h+e+.+&)ds, eE c-koi, 
-h 
@do = @W’(O), 
for cp = ( cp”, cp’ } E X, where X( .) is the fundamental matrix of Eq. (14). The 
adjoint operator G * is of the same form as G but with X( .) replaced by the 
transpose matrix X(G)‘. By Proposition 3.1 in [18], Im G* = D(A+) and 
Ker G* = (0). Let us define the operator D: L,(O, h, KY) + X, 
DUt+ (0, BO~t-e)), eE [-h,O]. 
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Then, it is not difficult to prove that 
GDu(.)=j’ S(h+O)Bu(-@de (16) 
-h 
(see, e.g., [26]). 
The following theorem gives the characterization of constrained 
W-approximate controllability for the retarded system (13). 
THEOREM 4.3. Suppose that Q is a cone in R” such that int co Q # Qr. v 
the system (13) is approximately controllable then 
rank[d(ll), B,] = n, VIZEC (17) 
and 
Kerd(A)T n(BoQ)'= (0). VAER. (18) 
Conversely, if the homogeneous system (14) is complete and the conditions 
(17), (18) hold then the system (13) is approximately controllable. 
Proof It is well-known (see, e.g., [19, Theorem 11) that (17) is a 
necessary condition for approximate controllability of the system (13) with 
unconstrained controls (i.e., when Q = W”); moreover, this condition is also 
suflicient if (14) is complete (see, e.g., [19, Theorem 51). Consequently, the 
proof is reduced to showing that the condition (ii) of Theorem 3.3 is 
fulfilled if and only if (18) holds. To do this, suppose that (ii) is not 
fulfilled, i.e., there exists a nonzero (PE Ker(lZ* -A*) n (BQ)’ for some 
1 E R. Then, clearly, 
S(h + 13) Bu( - 0) de G 0, VU(.)E&. 
-h 
This implies, by (16), that 
(cp, GDu(.))=(G*cp,Du(.))~O, Vu(-)Efi,. (19) 
Denoting II/ = G*cp, we have that 11/ # 0, and, by (15), #E Ker(lZ- A+). It 
follows that II/ = {$“, $ oe”e},8E[-hh,0], with O#$“EKerd(l)T. From 
(19) we have 
s 
a (I)‘, Bou(-e))e~ede~O, Wkfih, 
-h 
which implies readily that (11/O, B,u) < 0, Vu E 0. Thus, we have found a 
nonzero $a E Ker A(A)T n (Bosh)‘, that conflicts with (18). Conversely, let 
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there exist a nonzero $‘E Ker A(l)T n (B,Q)’ for some I E R. Then 
I,$ = {I,$“, $” eie} E Ker(il- A +) and ($, Du( .)) < 0, Vu( ‘) E 0,. In view of 
(15), there exists a nonzero cp E Ker(lZ* - A*) such that $ = G*cp. Proceed- 
ing in the same manner as above, we find that cp E (BQ)‘, contradicting the 
condition (ii) of Theorem 3.3 and the proof is complete. 
As a particular case of the above result, let us consider the difference- 
differential system with constrained controls 
i(t)=A,z(t)+ f A,z(t-hJ+Bou, ZEW,UE52CRrn, (20) 
i=l 
where h,=O<h,< ... <h, = h, A,, Ai are n x n real matrices, and B. is 
an n x m real matrix. It is well-known that, in this case, completeness is 
equivalent to det A,#O. Therefore, from the above theorem we obtain 
COROLLARY 4.4. Let det A,,, # 0 and m = 1. Difference-differential 
system (20) is approximately controllable iff rank[ A(i), B,] = n for all I E C 
and the characteristic polynomial det A(l) has no real zeros. 
We note that for the system (20), A(l) is defined as 
For the general case where the system (14) is not necessarily assumed to 
be complete, the problem of constrained controllability is treated separately 
in our work [32] by the method of discretization. 
To illustrate the results, let us consider a simple system of the form (20) 
with n=2, m=N= 1, hl= 1, and 
WehavedetA(l)=~2-33il-e-d-e-21+2anddetA(~)hasOastheonly 
real zero. Therefore, according to Corollary 4.4, this system is not 
approximately controllable with positive controls u 20, although, as has 
been shown in [20], the corresponding system with unconstrained controls 
is so. 
Let take now m = 2 and 
B,= and SZ={(u,U*)TE[W*:U1~0,U2~0}. 
We have Ker A(0)T = {y( - 3 l)T: y E R}. Therefore, (18) is satisfied and we 
conclude that in this case the system is approximately controllable. 
18 N. K. SdN 
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